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Odd-frequency pair in topological superconductivity of 1D magnetic chain
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A chain of magnetic atoms with non-collinear spin configuration on a superconductor is a promis-
ing new system that can host Majorana Fermions (MFs). In this study, we clarify that in the
presence of MFs, an odd-frequency Cooper pair is generated at the edge of the chain. Furthermore,
it is revealed that this feature is robust against the distance between magnetic atoms as far as
this distance is shorter than coherence length of the superconductor. We also elucidate the close
relationship between the pair amplitude of the odd-frequency pair and the direction of the MF spin.
If Rashba-type spin-orbit coupling is included, MFs can be realized even in a collinear alignment
of magnetic atoms, i.e., in a ferromagnetic or anti-ferromagnetic chain on a superconductor. Then,
the odd-frequency pairing is generated at the edge, similar to the non-collinear case. Based on
our results, it can be concluded that the detection of the zero energy peak of the local density of
states by scanning tunneling microscopy at the edge of the magnetic chain is strong evidence for
the generation of odd-frequency pairing.
I. INTRODUCTION
The concept of topology has become a central issue in
condensed matter physics since the proposal of the Z2
topological insulator.1 Owing to the topologically non-
trivial wave function, novel properties emerge on the edge
or surface of the material. In addition to the topologi-
cal insulator, exploration of topological superconductiv-
ity has attracted attention.2–6 In topological supercon-
ductors, the excitation of the Majorana Fermion (MF),
the fermion whose creation and annihilation operators
are identical, is imposed on their boundary.7,8 Since
MFs obey non-Abelian statistics, topological supercon-
ductivity is important for future application to quantum
computing.9 It was suggested that p-wave spinless su-
perconductors can show topological superconductivity.7
However, this type of superconductor has not been dis-
covered thus far. In this respect, the major challenge in
many theoretical and experimental studies is to realize
topological superconductivity with MFs in an effective
spinless p-wave system.8,10–17 Further, charge transport
in these systems was intensively studied.18–22
One possible system that can realize topological su-
perconductivity is a semiconducting nanowire deposited
on a spin-singlet s-wave superconductor with a Zeeman
field.13,14 By tuning the Zeeman field, one can produce
a “spinless” system in which the degree of spin is halved
on the Fermi surface. Many previous studies were aimed
at verifying the topological superconductivity through
charge transport experiments to probe the peak of the
zero-energy spectrum that stems from the existence of
MFs.23–27 However, the origin of the zero-energy spec-
trum has been attributed to several other factors as
well.28–33 In addition, energy-gap closing due to the topo-
logical phase transition has not been observed yet.
Another study proposed that a chain of magnetic
atoms on the top of the s-wave superconductor can
host MFs.34 A magnetic atom forms the so-called Shiba
state within the induced gap in the superconductor
system,35,36 and the 1D array of these moments on
the top of the s-wave superconductor can be “spinless”
which leads to a topologically non-trivial state.37 The
advantage of this magnetic chain is that one can access
each magnetic atom by scanning tunneling microscopy
(STM); thus, MFs can be spatially probed. There have
been several theoretical investigations on this magnetic
chain,38–48 and experimental confirmation of topological
superconductivity in this system is highly promising.49
It has been found that odd-frequency pairing50–52 has
a close connection with topological-superconductivity-
hosting surface Andreev bound state (ABS).4,53–56 The
concept of the odd-frequency pairing naturally arises
on introducing the frequency dependence of the pair-
ing function. The odd-frequency pair ubiquitously ex-
ists in inhomogeneous superconducting systems with bro-
ken symmetries in, for instance, spin rotation57–63 or
translation.54,55,64–71 In these systems, the odd-frequency
pairings are prominent in the presence of the surface
ABS.72–76 Since the MF is a type of ABS, it is expected
to be related to odd-frequency pairing. It is elucidated
that the odd-frequency pair becomes prominent at the
edge of the nanowire/s-wave superconductor junction de-
scribed above.77,78 The system consisting of a magnetic
chain on an s-wave superconductor is useful for develop-
ing an understanding of the relation between the MF and
odd-frequency pairing.
In this study, we reveal that the odd-frequency pair-
ing becomes prominent at the edge of the array of non-
collinear spins of magnetic atoms corresponding to MFs.
We find a close relationship between the pair amplitude
of the odd-frequency pairing and the direction of the
MF’s spin. These conclusions are independent of the in-
terval between magnetic atoms as far as this interval is
shorter than coherence length of the superconductor. If
Rashba-type spin-orbit coupling (SOC) is included, ferro-
magnetic and anti-ferromagnetic configurations can also
be topologically non-trivial, and odd-frequency pairing
is generated near the edge. This paper is organized as
follows. In Sec. II, we introduce various symmetry of the
pair potential and clarify a general relationship between
2odd-frequency pair amplitude and MF. In Sec. III, we
focus on a Shiba state with a single magnetic atom on
an s-wave superconductor. In Sec. IV, we investigate
an array of magnetic atoms on an s-wave superconduc-
tor (ferromagnetic, anti-ferromagnetic, and non-collinear
configurations). The relation between the amplitude of
the odd-frequency pair, parity of the wave function of the
Bogoliubov de Gennes Hamiltonian, and direction of the
MF spin is discussed in detail. In Sec. III and IV, we
do not assume SOC, whereas in Sec. V, we include the
SOC and find that ferromagnetic and anti-ferromagnetic
chains can host MFs and odd-frequency pairing.
II. GENERAL ARGUMENT ON SYMMETRIES
OF PAIR POTENTIAL
In this paper, we investigate the local density of states
(LDOS) and pair amplitudes of the 1D array of magnetic
atoms on a superconductor. Before going to the detailed
calculations, we review the various types of pair poten-
tial by introducing Matsubara Green’s function. The re-
lationship between odd-frequency pair and MF is also
provided.
We consider a tight-binding BdG Hamiltonian with
site j and spin index σ. More detailed discussion will
be given below Eqs.(18) and (19).
Retarded Green’s function and Matsubara Green’s
function can be defined as follows:
GR(E, jσ, j′σ′) =
( 1
E + iǫ−H
)
jσ,j′σ′
=
(
GR FR
F˜R G˜R
)
(1)
G(ωn, jσ, j
′σ′) =
( 1
iωn −H
)
jσ,j′σ′
=
(
G F
F˜ G˜
)
, (2)
where ǫ and ωn are infinitesimal positive number and
Matsubara frequency, respectively. Throughout this pa-
per, we fix ωn and ǫ as ωn/t = 0.01, ǫ/t = 0.001. The
pair amplitude of the Cooper pair is described by the
anomalous part of the Matsubara Green’s function. This
pair amplitude is classified into four kinds of symme-
try with respect to frequency, spin and parity: even-
frequency spin-singlet even-parity (ESE), even-frequency
spin-triplet odd-parity (ETO), odd-frequency spin-triplet
even-parity (OTE), and odd-frequency spin-singlet odd-
parity (OSO). Since the pair potential in the present
model is BCS s-wave pairing, the most dominant pair-
ing is s-wave (p-wave) one for even-parity (odd-parity)
pairing. Thus, we focus on these pairings. LDOS and
corresponding pair amplitudes at the position j are given
by
ρ(E, j) = − 1
π
∑
σ
ImGR(E, jσ, jσ), (3)
f
s odd(even)
σ,σ′ =
F˜ (ωn, jσ, jσ
′)− (+)F˜ (−ωn, jσ, jσ′)
2
, (4)
f
p odd(even)
σ,σ′ =
1
2
[ F˜ (ωn, j + 1σ, jσ′)− F˜ (ωn, jσ, j + 1σ′)
2
−(+) F˜ (−ωn, j + 1σ, jσ
′)− F˜ (−ωn, jσ, j + 1σ′)
2
]
.(5)
The anomalous part of the Matsubara Green’s function
is also written as
F˜ (ωn, jσ, j
′σ′) =
∑
λ
{vλ(jσ)u∗λ(j′σ′)
iωn − Eλ +
u∗λ(jσ)vλ(j
′σ′)
iωn + Eλ
}
(6)
where the eigenenergy of the BdG Hamiltonian is denoted
by Eλ and uλ(jσ)(vλ(jσ)) is a component of the eigen-
vectors at the position j in electron (hole) space with
spin σ. In this representation, s-wave odd-frequency pair
amplitude at jth site becomes
f s oddσσ′ =
1
2
[F˜ (ωn, jσ, jσ
′)− F˜ (−ωn, jσ, jσ′)]
=
∑
λ
−iωn
ω2n + E
2
λ
(
u∗λ(jσ)vλ(jσ
′) + u∗λ(jσ
′)vλ(jσ)
)
. (7)
In the following discussion, we focus on the case when the
system is topologically non-trivial with zero energy edge
state. The most dominant term in Eq. (7) comes from
zero energy state with E0 = 0 since the denominator
becomes minimum. Thus, we approximate f s oddσσ′ as
f s oddσσ′ ≈
1
iωn
(
u∗0(jσ)v0(jσ
′) + u∗0(jσ
′)v0(jσ)
)
. (8)
In other words, odd-frequency pair amplitude has a close
relationship with the wave function of the zero energy
states. Now we focus on the right edge j = Lr. When
the system is topologically non-trivial, zero energy state
can be described as
Ψ = (u0(Lr ↑), u0(Lr ↓), v0(Lr ↑), v0(Lr ↓))T . (9)
Majorana operator is given as
γ† = u0(Lr ↑)c†Lr↑ + u0(Lr ↓)c
†
Lr↓
+v0(Lr ↑)cLr↑ + u0(Lr ↓)cLr↓ (10)
where c†Lrσ(cLrσ) represents creation (annihilation) op-
erator at j = Lr. To satisfy γ
† = γ, we have following
condition4:
u0(Lr ↑) = v∗0(Lr ↑)
u0(Lr ↓) = v∗0(Lr ↓). (11)
Using this condition, we relate the pair amplitudes of
odd-frequency s-wave pair to the spin of MF. At j = Lr,
following relations are satisfied,
f s oddσσ′ ≈
1
iωn
(
u∗0(Lrσ)v0(Lrσ
′) + u∗0(Lrσ
′)v0(Lrσ)
)
,
(12)
3f s odd↑↑ − f s odd↓↓
f s odd↑↓
=
2(|u0(Lr ↑)|2 − |u0(Lr ↓)|2)
u∗0(Lr ↑)u0(Lr ↓) + u∗0(Lr ↓)u0(Lr ↑)
(13)
On the other hand, the expectation value of the spin at
zero energy, i.e. the spin of MF79–81 is given by
〈sx〉 = 1
2
(u∗0(Lr ↑), u∗0(Lr ↓))
(
0 1
1 0
)(
u0(Lr ↑)
u0(Lr ↓)
)
=
1
2
(u∗0(Lr ↑)u0(Lr ↓) + u∗0(Lr ↓)u0(Lr ↑)) (14)
〈sy〉 = 1
2
(u∗0(Lr ↑), u∗0(Lr ↓))
(
0 −i
i 0
)(
u0(Lr ↑)
u0(Lr ↓)
)
=
i
2
(−u∗0(Lr ↑)u0(Lr ↓) + u∗0(Lr ↓)u0(Lr ↑)) (15)
〈sz〉 = 1
2
(u∗0(Lr ↑), u∗0(Lr ↓))
(
1 0
0 −1
)(
u0(Lr ↑)
u0(Lr ↓)
)
=
1
2
((|u0(Lr ↑)|2 − |u0(Lr ↓)|2)) (16)
Therefore, we find that odd-frequency pair amplitudes
and the ratio of 〈sz〉 and 〈sx〉 satisfy the following rela-
tion,
f s odd↑↑ − f s odd↓↓
f s odd↑↓
= 2
〈sz〉
〈sx〉 . (17)
In later sections, using Eq.(8), we discuss how odd-
frequency pair relates with parity of the wave function
by our numerical results. Further, we confirm Eq.(17)
which shows the relation between the odd-frequency pair
amplitude and the direction of the spin of MF.
III. SINGLE MAGNETIC ATOM ON A
SUPERCONDUCTOR
Now we calculate LDOS and pair amplitude of 1D ar-
ray of magnetic chain. This magnetic chain can be re-
garded as the chain of Shiba state. Thus, we first look
at LDOS and pair amplitudes in the case with single
magnetic atom on s-wave superconductor as depicted in
Fig.1(a). The BdG Hamiltonian for this 1D tight-binding
model is given by
H = −t
∑
〈i,j〉σ
c†iσcjσ − µ
∑
i,σ
c†iσciσ
+
∑
i
(
∆c†i↑c
†
i↓ +H.c.
)
+ J
∑
σ,σ′
c†i0σ(σz)σ,σ′ci0σ′ , (18)
where c†iσ(ciσ) is a creation (an annihilation) operator
for an electron with position i and spin σ. t, µ, ∆,
FIG. 1: (a)A schematic picture of the single magnetic mo-
ment on an s-wave superconductor. (b)(c)LDOS at site 101
and site 1 in the case of the single magnetic moment of s-
wave superconductor. The magnetic moment is located at
site 101 in the chain with the length of 201. The shaded area
represents continuum level in the system with infinite length
of the chain. (d), (e), (f), and (g) represent pair amplitudes
of s-wave odd-frequency, s-wave even-frequency, p-wave odd-
frequency, and p-wave even-frequency pairing, respectively.
Parameters are chosen as µ/t = −1,∆/t = 0.1, and J/t = 2.0.
and J represent hopping between nearest neighbor sites
〈i, j〉, chemical potential, pair potential, and exchange
coupling82, respectively. In this model, magnetic mo-
ment is put at site i0.
In Fig.1, we show LDOS and pair amplitudes decom-
posed into four types of pairings. As shown in Figs.1(b)
and (c), we can see that there is localized state within the
superconducting energy gap in the LDOS at around the
magnetic atom, which is called Shiba state.35 At around
4FIG. 2: (a)A schematic picture of the ferromagnetic chain on
a spin-singlet s-wave superconductor. (b)(c)LDOS of chain at
the site 101 and 1. The length of the chain is set to be 201.
The shaded area represents continuum level in the system
with infinite length of the chain. (d)(e) pair amplitudes of
s-wave odd-frequency and even-frequency pair. Parameters
are chosen as µ/t = −1,∆/t = 0.1, and J/t = 2.0.
the magnetic atom, s-wave odd-frequency pairing ampli-
tude is produced as shown in Fig.1(d). In addition, s-
wave even-frequency pair amplitude has a spatial modu-
lation as shown in Fig.1(e). These s-wave even-frequency
pair amplitude shows spatially oscillating behavior. This
oscillation stems from the Friedel oscillation and the or-
der of the period of this oscillation is 1/kF with Fermi
wave number kF . The periodicity 1/kF is roughly esti-
mated as the length of the one site, which well agrees
with our numerical results. Other than s-wave pairings
described above, p-wave odd-frequency and p-wave even-
frequency pairings are generated around the magnetic
moment as seen from Figs.1(f) and (g). It is remarkable
that all four types of pair amplitudes exist in the pres-
ence of magnetic atom. However, the behaviors of these
pairings are different each other. Since we consider the s-
wave pair potential, ESE pairing exists overall the chain.
The other three pairings (OTE, OSO, ETO) are induced
by the magnetic atom, and therefore, they locate near
the magnetic atom. In the present system, both trans-
lational and spin-rotational symmetries are broken. Due
to the translational symmetry breaking, OSO pairing is
FIG. 3: (a)A schematic picture of the anti-ferromagnetic
chain on s-wave superconductor. (b)(c)LDOS of this chain
at the site 101 and 1. The length of the chain is 201. The
shaded area represents continuum level in the system with
infinite length of the chain. (d),(e), and (f) represent pair
amplitudes of s-wave odd-frequency, s-wave even-frequency,
and p-wave even-frequency pairing, respectively. Parameters
are chosen as µ/t = −2.5,∆/t = 0.1, and J/t = 2.0.
generated around the magnetic atom.4,54,55 Furthermore,
due to the breakdown of the spin-rotational symmetry,
OTE and ETO pairings are generated.4,61 However, since
there is no spin flip scattering process, the induced pair
has Sz = 0.
61 Thus, all of the pair amplitudes have spin
index with ↑↓ or ↓↑ and equal-spin triplet pair ampli-
tudes, e.g. f s odd↑↑ , are absent.
5IV. MAGNETIC CHAIN ON A
SUPERCONDUCTOR
In this section, we focus on the array of the magnetic
atoms on the top of an s-wave superconductor. We ana-
lyze ferromagnetic and anti-ferromagnetic configurations
in subsection A, and non-collinear one in subsection B.
A. Ferromagnetic and anti-ferromagnetic chain
In this subsection, we consider the magnetic chains
with ferromagnetic (Fig.2(a)) and anti-ferromagnetic
configurations (Fig.3(a)). Then, the exchange term
in Eq.(1) is changed to J
∑
i,σ,σ′ c
†
iσ(σz)σ,σ′ciσ′ for the
ferromagnetic case and
∑
i,σ,σ′(Jc
†
2i−1σ(σz)σ,σ′c2i−1σ′ −
Jc†2iσ(σz)σ,σ′c2iσ′ ) for the anti-ferromagnetic case. In
Figs.2(b)∼(e) and Figs.3(b)∼(f), we plot LDOS and
pair amplitudes in the case of ferromagnetic and anti-
ferromagnetic chain, respectively. In the ferromagnetic
case, bulk energy gap closes for |J | > |∆|. Thus, in the
finite chain, oscillating behavior of s-wave even-frequency
pair amplitude which is originating from the broken
translational symmetry at the edge spreads to the en-
tire chain as shown in Fig.2(e). In the present system,
the induced odd-frequency p-wave pair amplitude is neg-
ligible similar to the edge of spin-singlet s-wave without
magnetic order.54,55 On the other hand, due to the break-
down of spin-rotational symmetry, s-wave odd-frequency
pair can be realized as shown in Fig.2(d).
Next, we consider the anti-ferromagnetic chain. Unlike
the ferromagnetic chain, bulk energy spectrum for the
anti-ferromagnetic chain has an energy gap. However,
no inner gap states is found in Figs.3 (b) and (c). As for
the pair amplitudes, s-wave odd-frequency and p-wave
even-frequency pair amplitudes exist the entire chain (see
Figs.3 (d) and (f)). We have confirmed that they become
nonzero in the infinite system and their signs are opposite
between adjacent sites (See appendix B). The magnitude
of s-wave even-frequency pair amplitude is almost con-
stant in the middle chain while it oscillates at the edge
(Fig.3 (e)).
In both cases of ferromagnetic and anti-ferromagnetic
chain, although the Hamiltonian has only the ESE pair
potential, there exist the other types of pairings stem-
ming from the symmetry breaking such as translational
or spin-rotational symmetry. In Appendix A (B), we an-
alyze the symmetries of the pair amplitudes of the infinite
ferromagnetic (anti-ferromagnetic) chain. These results
tell that all the induced pair amplitudes in the finite chain
also exist in the infinite chain. As we will show in the
later sections, these two configurations cannot be topo-
logically non-trivial where no inner gap state is localized
at the edge. Therefore, all the induced pair amplitudes
are specific to those in the bulk.
B. Non-collinear magnetic chain
In this subsection, we consider a chain with non-
collinear magnetic atoms on s-wave superconductor.
Topological properties of this magnetic chain have been
discussed in several preexisting papers,34,37,44,47 however,
the case when the magnetic atoms are positioned at inter-
vals (the distance between magnetic atoms is more than
one sites) has not been considered. We distinguish these
two cases by using the word “non-separate” and “sep-
arate”. We provide topological property of “separate”
chain in detail. Further, using equations in Sec.2, the
relation between the odd-frequency pair and MF of this
chain is clarified in this subsection.
Model Hamiltonian of “non-separate” chain is
H = −t
∑
〈i,j〉σ
c†iσcjσ − µ
∑
i,σ
c†iσciσ
+
∑
i
(
∆c†i↑c
†
i↓ +H.c.
)
+
∑
σ,σ′
c†iσ(Ji)σ,σ′ciσ′ , (19)
where (Ji)σ,σ′ represents magnetic moment at site i.
Here, we consider the non-collinear magnetic moments
where the direction of the spin “rotates” clockwise in x-z
plane with a period Np (see Fig.4(a)). Then, (Ji)σ,σ′ is
given by
(Ji)σ,σ′ = J
(
cos θi(σz)σσ′ + sin θi(σx)σσ′
)
, (20)
where θi =
2pi
Np
ni (Np, ni: integer) denotes the angle from
the z-axis. In this paper, we focus on the case Np = 4.
Now, we discuss the topological number in the present
system following Refs. 7 and 37. By the gauge transfor-
mation,(
ci↑
ci↓
)
= Ui
(
fi↑
fi↓
)
=
(
cos(θi/2) − sin(θi/2)
sin(θi/2) cos(θi/2)
)(
fi↑
fi↓
)
,
(21)
the corresponding BdG Hamiltonian is written as follows:
H = −t
∑
iσσ′
f †iσU
†
i Ui+1fi+1σ′ − t
∑
iσσ′
f †i+1σU
†
i+1Uifiσ′
− µ
∑
i,σ
f †iσfiσ +
∑
i
(
∆f †i↑f
†
i↓ +H.c.
)
+J
∑
σ,σ′
f †iσ(σz)σ,σ′fiσ′ . (22)
U †i Ui+1 is calculated as
U †i Ui+1 =
(
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)
)
, (23)
with θ = 2pi
Np
. Topological number can be obtained by the
Pfaffian of the bulk BdG Hamiltonian. We decompose
Fermion operators into MF ones
f
(†)
jσ =
1
2
(a2j−1σ + (−)ia2jσ). (24)
6By performing the Fourier transformation,
a2j−1(2j)σ =
1√
Nx
∑
kx
a1(2)kxσe
−i(jkx), (25)
we get anti-symmetric Hamiltonian whose basis are
akx =(a1kx↑,a1kx↓,a2kx↑,a2kx↓)
T,
H = i
4
∑
kx
a†kxHMF(kx)akx . (26)
Nonzero matrix elements of HMF(kx) are(
HMF(kx)
)
1,3
= −2t cos(θ/2) cos(kx)− µ+ J,(
HMF(kx)
)
2,4
= −2t cos(θ/2) cos(kx)− µ− J,(
HMF(kx)
)
1,4
= −2ti sin(θ/2) sin(kx)−∆,(
HMF(kx)
)
2,3
= 2ti sin(θ/2) sin(kx) + ∆. (27)
Then, we obtain the Pfaffian of this matrix as
Pf[HMF(kx)] = −
(
HMF(kx)
)
1,3
·
(
HMF(kx)
)
2,4
+
(
HMF(kx)
)
1,4
·
(
HMF(kx)
)
2,3
=
(
2t cos(θ/2) cos(kx) + µ
)2
− J2
+
(
2ti sin(θ/2) sin(kx) + ∆
)2
. (28)
Z2 topological number ν is given by the sign of the prod-
uct of the Pfaffian at kx = 0 and kx = π
(−1)ν = sgn
(
Pf[HMF(kx = 0)]
)
·sgn
(
Pf[HMF(kx = π)]
)
.
(29)
Finally, the parameter region where (−1)ν is topologi-
cally non-trivial is found to be,√
(|2t cos(θ/2)| − |µ|)2 +∆2 < |J |
<
√
(|2t cos(θ/2)|+ |µ|)2 +∆2. (30)
Topological phase diagram of non-collinear and “non-
separate” magnetic chain is shown in Fig.4(c). Note that
this condition is valid only when the bulk energy gap is
non-zero. Equation (30) gives us the reason why the fer-
romagnetic chain (θ = 0) and anti-ferromagnetic chain
(θ = π) cannot be topologically non-trivial. In the case
of the ferromagnetic chain, the bulk energy gap is closed
for |J | > ∆. Thus, the topological number is well-defined
only for |J | < ∆. In this case, the condition (30) is never
satisfied. In the case of the anti-ferromagnetic chain, the
left hand side and the right hand side in Eq.(30) are
identical. Thus, the anti-ferromagnetic chain cannot be
non-trivial.
We next focus on the case of the “separate” magnetic
chain to check whether the “separate” chain can host
FIG. 4: (a)(b)A schematic picture of the non-collinear
magnetic chain on s-wave superconductor for “non-separate”
case(a) and for “separate” case (b) with vacant sites of N = 1.
Tilting angle of the magnetic atoms is θ = pi/2, i.e. Np = 4.
(c)∼(f) Phase diagram of the non-collinear magnetic chain
in the case of ∆/t = 0.1 and Np = 4. The shaded region
represents topologically non-trivial one.
MF or not. “Separate” means the presence of the vacant
sites where magnetic atoms and corresponding exchange
coupling are absent. Here, we put the number of vacant
sites between each magnetic atom as N , and introduce
the sub-lattice denoted by A0, A1, · · · , AN . In this sub-
lattice, magnetic atoms are put on sub-lattice A0. Mag-
netic moments at sub-lattice A0 “rotate” clockwise in
x-z plane with the angle θ in the similar way with “non-
separate” case with N = 0. Then, the BdG Hamiltonian
7is given by
H = −t
∑
iσ
(
c†iA0σciA1σ + c
†
iA1σ
ciA2σ + · · ·
+c†iANσci+1,A0σ +H.c.
)
− µ
∑
ijσ
c†iAjσciAjσ
+
∑
ij
(
∆c†iAj↑c
†
iAj↓
+H.c.
)
+
∑
iσσ′
c†iA0σ(Ji)σ,σ′ciA0σ′ .
(31)
Following the procedure similar to Eqs.(24)∼(26), we ob-
tain the Hamiltonian described by 4(N + 1) × 4(N + 1)
anti-symmetric matrix HMF(kx) with the basis bkx =
(b1Akx↑, b1Akx↓, · · · , b2A0kx↑, b2A0kx↓ · · · )T ,
H = i
4
∑
kx
b†kxHMF(kx)bkx ,
HMF(kx) =
( H 11MF(kx) H 12MF(kx)
H 21MF(kx) H 22MF(kx)
)
. (32)
Here, the size of the matrices HmnMF(kx) (m,n = 1, 2) is
2(N +1)× 2(N +1). In these matrices, only H 12MF(kx)
and H 21MF(kx) have nonzero matrix elements.
H 12MF(kx) =


H0 thop1 O · · · thop2(kx)
t†hop1 H1 thop1
. . .
...
O t†hop1 H1
. . . O
...
. . .
. . .
. . . thop1
t†hop2(kx) · · · O t†hop1 H1


,
(33)
with
H0 =
( −µ+ J −∆
∆ −µ− J
)
, H1 =
( −µ −∆
∆ −µ
)
,
thop1 =
( −t 0
0 −t
)
,
thop2(kx) =
( −t cos(θ/2)e−ikx −t sin(θ/2)e−ikx
t sin(θ/2)e−ikx −t cos(θ/2)e−ikx
)
.
(34)
Matrix elements of H 21MF(kx) is easily obtained by the
fact that this matrix is anti-symmetric. We numerically
calculate the Pfaffian of this matrix at kx = 0 and kx = π
and evaluate Z2 topological number ν. The phase dia-
grams of the non-collinear “separate” chain are shown
in Figs.4 (d)∼(f) for N = 1, 3, and 10, respectively. It
is clearly seen that the non-collinear magnetic chain can
be topologically non-trivial. If the interval of the mag-
netic atoms is much longer than the coherence length,
the system cannot be topologically non-trivial. Indeed,
we numerically estimate the coherence length ξ = vF/∆
(~ = 1) by calculating the bulk energy spectrum in the
FIG. 5: (a)(b)LDOS of the non-collinear and “non-separate”
magnetic chain at site 1 and site 101. The length of the chain
is 201. The shaded area represents continuum level in the
system with infinite length of the chain. (c)(d)LDOS for the
“separate” case (N = 3). The length of the chain is set to be
257. The choice of the parameters is shown by filled circle in
Fig.4(c) and (e).
case of N = 10, J/t = 1, µ/t = −1,∆/t = 0.1, for in-
stance, (See Fig.4(f)) and get vF ≈ 1, thus, ξ ≈ 10 which
agrees well with the length of the intervals N = 10.
Next, we calculate the spatial dependence of the LDOS
and pair amplitudes of the finite-size chain, which can be
obtained by Eqs. (2) and (4). In this calculation, the
direction of spin at the both edges are fixed to the z-
direction for simplicity. In other words, the length of the
chain is set to be Np× (N +1)× l+1 (l : integer). In the
topologically non-trivial region, there is zero energy An-
dreev bound state (ZEABS) on the edge, i.e. MF exists.
We can confirm it by the LDOS in the set of parameters
denoted by filled circle in Figs.4 (c) and (e) (see Figs.5
(a) and (c)). Similar zero energy peak is obtained in the
LDOS at the edge in the case of N = 1, 10. Figures
6(a)∼(h) show pair amplitudes in the case of N = 0.
There exist all four types of pairings (ESE, ETO, OTE
and OSO). We note that the amplitudes of odd-frequency
pair (Figs.6 (a), (b), (c), and (e)) are induced at the
edge of the chain. The relative signs of the amplitudes
between the right and the left edges for ↑↑ and ↓↓ (↑↓)
components of OTE pairing are opposite (equal). Simi-
larly, those of OSO pairing are opposite. Even-frequency
pair amplitudes (Fig.6 (d), (f), (g), and (h)) spread the
8FIG. 6: (a)∼(h) s-wave odd-frequency pair, s-wave even-
frequency pair, p-wave odd-frequency pair, and p-wave even-
frequency pair of the “non-separate” magnetic chain. There is
no real (imaginary) value in odd-(even-) frequency pair. The
choice of the parameters is shown by filled circle in Fig.4(c).
entire chain. In the bulk, ESE pair amplitude is constant
while ETO ones show oscillating behavior in the period
of Np. From these results, we can conclude that spatial
dependence of the odd-frequency pairings coincide with
MF.
As we have mentioned, the relative signs of odd-
frequency pair amplitudes depend on their spin states.
FIG. 7: (a)∼(d) Wave-function product of electron part
u(jσ) and hole part v(jσ) of non-collinear magnetic chain.
(e)
fs odd↑↑ −f
s odd
↓↓
fs odd
↑↓
, 〈sz〉
〈sx〉
, and the ratio
fs odd↑↑ −f
s odd
↓↓
fs odd
↑↓
/ 〈sz〉
〈sx〉
as a
function of J . We fix µ as µ/t = −1 (dashed arrow in Fig.4(c))
Using Eq.(8), this dependence can be explained. Below,
we will focus on the case of the s-wave odd-frequency
pair in the “non-separate” chain. Nevertheless, the fol-
lowing discussion can be generalized for p-wave odd-
frequency pairing and the odd-frequency pairings in “sep-
arate” chain. We further introduce the inversion parity
which is defined by the relative sign of the wave func-
tion or the pair amplitude when we operate space in-
version at the center of the chain. The inversion parity
of the s-wave odd-frequency pair is odd for ↑↑ and ↓↓
components, whereas that is even for ↑↓ component as
mentioned above. To analyze the inversion parity of the
wave functions u0(jσ) and v0(jσ) in Eq.(8), we numeri-
cally diagonalize the BdG Hamiltonian of the finite chain
(parameters are set to be the same as the filled circle in
Fig.4(c)) whose length is 201 sites. Because of the fi-
nite size effect, the wave functions corresponding to the
lowest energy are the bonding and anti-bonding states of
MFs in both ends. We use these wave functions for the
actual analysis. The results of the inversion parity are
9organized in Table I. With the appropriate choice of the
U(1) gauge, all of the components of the wave function
become real. Thus, we obtain the inversion parity of the
u0(j ↑) u0(j ↓) v0(j ↑) v0(j ↓)
parity even odd odd even
TABLE I: Inversion parity of u0(jσ) and v0(jσ). All compo-
nents are real.
product of u∗0(jσ)v0(jσ) in Table.II. From this table, it is
expected that the inversion parities of f s odd↑↑ and f
s odd
↓↓
are odd and that of f s odd↑↓ is even. As we can see in Figs.7
(a)∼(d), this prediction based on analytical calculation
meets the actual numerical results. We confirm Eq.(17)
v0j(↑) v0(j ↓)
u∗0(j ↑) odd even
u∗0(j ↓) even odd
TABLE II: Inversion parity of the wave-function product u∗0v0
in our set up. In Fig.7(e), we plot
fs odd↑↑ −f
s odd
↓↓
fs odd
↑↓
, 〈sz〉〈sx〉 , and
their ratio as the function of J within the topologically
non-trivial region shown by the dashed arrow in Fig.4(c).
The ratio remains 2 as expected from Eq.(17). The same
relation still holds at the opposite site j = Ll i.e., the
left side. Moreover, in our model calculation, the aver-
age value of y-component of spin of MF (Eq.(15)) is zero,
which means the direction of the spin of MF is on the x−z
plane. If we set the angle of the spin of MF measured
from the x-axis as φ = tan−1
[ 〈sz〉
〈sx〉
]
, Eq.(17) is equivalent
to
fs odd↑↑ −f
s odd
↓↓
fs odd
↑↓
= 2 tan(φ) which implies that the ampli-
tude of the odd-frequency pair is closely related to the
direction of the spin of MF. We confirm that the relation
between the inversion parity of the odd-frequency pair
and that of the wave function is not affected from the
choice of the U(1) gauge, and Eq.(17) is still available.
Note also that expectation value of the spin is gauge in-
variant.
V. EFFECT OF THE RASHBA-TYPE SOC ON
MAGNETIC CHAINS
In this section, we analyze the magnetic chain on spin
singlet s-wave superconductor with SOC especially for
ferromagnetic and anti-ferromagnetic configurations. As
we mentioned in the previous section, ferromagnetic and
anti-ferromagnetic chain cannot be topologically non-
trivial and Majorana fermion is absent at the edges. With
SOC, however, both of the cases can be topologically non-
trivial. We can obtain the model Hamiltonian with SOC
FIG. 8: (a)(b)((c)(d)) LDOS of the ferromagnetic (anti-
ferromagnetic) chain at site 1 and site 101. The length of
the chain is 201. Parameters are set as µ/t = −1,∆/t =
0.1, J/t = 1.5, and λR/t = 1.0. The shaded area represents
continuum level in the system with infinite length of the chain.
only by replacing the hopping term in Eq.(19) with
∑
iσσ′
c†i+1σ
(
−t λR/2
−λR/2 −t
)
ciσ′ +H.c., (35)
where λR represents Rashba-type SOC. We set θ = 0
for ferromagnetic, θ = π for anti-ferromagnetic case
in Eq.(19). After the similar procedure shown in
Eqs.(21)∼(30), we get topologically non-trivial condition:√
(|2t cos(θ/2) + λR sin(θ/2)| − |µ|)2 +∆2 < |J |
<
√
(|2t cos(θ/2) + λR sin(θ/2)|+ |µ|)2 +∆2. (36)
For θ = 0, the condition is not changed from Eq.(30),
but we confirm that the bulk energy gap is opened
by SOC. Thus, we can make the ferromagnetic chain
non-trivial. Actually, we can see the ZEABS local-
ized on the edge as shown in Figs.8(a) and (b). Re-
cently, this ferromagnetic chain has great attention since
the experiment by Nadj-Perge et al. has confirmed the
zero energy peak of the LDOS at the edge, which sup-
ports the presence of MF.49 The model of this ferromag-
netic chain with SOC is essentially equivalent to that
of a semiconducting nanowire deposited on s-wave su-
perconductor with Zeeman field.13 In the case of anti-
ferromagnetic chain, i.e. θ = π, inequality (36) becomes√
(|λR| − |µ|)2 +∆2 < |J | <
√
(|λR|+ |µ|)2 +∆2, thus,
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with non-zero λR, the left side and the right side in in-
equality (36) are never equal to be the same value, which
implies anti-ferromagnetic chain with SOC can be topo-
logically non-trivial. We plot the LDOS in Figs.8 (c) and
(d). We clearly see that there is ZEABS i.e. MF on the
edge of the chain.
We also calculate the odd-, and even-frequency pair
amplitudes in Figs.9(a)∼(h) and Figs.10(a)∼(h) for fer-
romagnetic and anti-ferromagnetic cases respectively. As
shown in Appendix C, OTE ↑↓ pair amplitude is al-
lowed to exist in the infinite system in the ferromag-
netic configuration. On the other hand, the other types
of odd-frequency pair amplitudes are found to exist on
the edge as shown in Figs.9 (a)∼(c), and (e). Similarly,
all types of the odd-frequency pair amplitude are gen-
erated on the edge in Figs.10 (a)∼(c), and (e) in the
anti-ferromagnetic configuration. By contrast to the case
in ferromagnetic and anti-ferromagnetic chains without
SOC, odd-frequency pairings which are absent in the infi-
nite chain develop at the edge accompanied by the emer-
gence of MF. In addition, the inversion parity of the odd-
frequency pair amplitudes are completely the same as
that in the case of non-collinear array of magnetic atoms
as discussed in the previous section for both ferromag-
netic and anti-ferromagnetic chains.
VI. CONCLUSION
In this paper, the pair amplitude of the Cooper pair
with ESE, ETO, OTE and OSO symmetries, and the
LDOS have been studied in various types of magnetic
chain on spin-singlet s-wave superconductor. It is clari-
fied that odd-frequency pairings are generated at the edge
when the 1D chain of non-collinear magnetic atoms with-
out SOC on superconductor is topologically non-trivial.
We also reveal that the spatial dependence of s-wave
OTE and p-wave OSO pair amplitudes at the edge can
be explained by the inversion parity of the wave func-
tion and the direction of the spin of MF. Even when
the magnetic atoms are positioned at the intervals, the
chain can be topologically non-trivial. In the presence of
SOC, ferromagnetic and anti-ferromagnetic chain can be
topologically non-trivial and we obtain the similar cor-
respondence between the odd-frequency pair amplitude
and MF. Due to the translational and spin-rotational
symmetry breaking, three types of paring symmetries –
OTE, OSO, and ETO, which are absent in the bulk spin-
singlet s-wave superconductor, are induced. It can be
summarized that an array of magnetic atoms on conven-
tional superconductor is an exotic and intriguing system
not only in the topological perspective, but also from the
view point of the symmetries of the Cooper pair. Based
on the obtained results in this paper, we can say that the
detection of the zero energy peak of the LDOS by scan-
ning tunneling microscopy at the edge of magnetic chain
is a strong evidence for the existence of odd-frequency
FIG. 9: (a)∼(h) Pair amplitudes of s-wave odd-frequency, s-
wave even-frequency, p-wave odd-frequency and p-wave even-
frequency in the ferromagnetic chain. Parameters are set to
be the same as Fig.8.
pairing. The relation between the zero energy LDOS
and odd-frequency pairing have been clarified in several
different systems54,65,70. For this reason, we can say that
zero energy peak of LDOS relates directly with the pres-
ence of odd-frequency pair. In this paper, main results
are obtained based on BdG equation with mean field ap-
proximation. It is a standard method to study inhomo-
geneous superconductor. Since the inducement of the
odd-frequency pairing is based on the broken symmetry
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FIG. 10: (a)∼(h) Pair amplitudes s-wave odd-frequency, s-
wave even-frequency, p-wave odd-frequency and p-wave even-
frequency in the anti-ferromagnetic chain. Parameters are set
to be the same as the calculation in Fig.8.
of the Hamiltonian, our obtained results are not changed
essentially even if we go beyond mean field approxima-
tion.
To close this section, we suggest another possible ex-
periment to detect odd-frequency pairing in an array of
magnetic chain on spin-singlet s-wave superconductor,
where topologically non-trivial state is realized. If odd-
frequency pair amplitude is enhanced at the edge of the
magnetic chain, the symmetry of pair amplitude at the
edge and in the bulk are different. We can detect this dif-
ference by the local Josephson current65 by using super-
conducting STM tip. When conventional superconduct-
ing tip (ESE pairing) contacts the edge of the chain or the
bulk of superconductor, different current phase relation
of Josephson current is expected due to the difference of
the pairing symmetry. The former case corresponds to
i)ESE/(OSO +OTE) junction and the latter one corre-
sponds to ii)ESE/ESE junction (See Fig.11). In the case
i), the first order Josephson coupling is absent, while it
exists in the case ii). Furthermore, if the electronic state
at the protrusion of the tip is magnetic, which is realized
by putting Fe atom at the tip, for instance, the pairing
symmetry of the tip includes the odd-frequency and spin-
triplet pairing. Thus, STM tip can measure more details
of spin state in pairing amplitude on the magnetic chain.
FIG. 11: A schematic picture of the experiment of detecting
odd-frequency pair. Dots on the superconductor represent
magnetic atoms
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Appendix A: Matsubara Green’s function of the
infinite ferromagnetic chain without SOC
In this appendix, we analyze symmetries of the pair
amplitudes of the infinite ferromagnetic chain without
SOC, where only the spin-rotational symmetry is broken.
Model Hamiltonian is given by
H = −t
∑
iσ
(
c†iσci+1σ +H.c.
)
− µ
∑
i,σ
c†iσciσ
+
∑
i
(
∆c†i↑c
†
i↓ +H.c.
)
+ J
∑
iσ,σ′
c†iσ(σz)σ,σ′ciσ′ , (A1)
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by Fourier transformation
cjσ =
∑
kx
ckxσe
−ijkx . (A2)
We obtain the 4 × 4 BdG Hamiltonian with the basis
ckx = (ckx↑, ckx↓, c
†
−kx↑
, c†−kx↓)
T:
H =
∑
kx
c†kxH(kx)ckx , (A3)
H(kx) =


ξkx + J 0 0 ∆
0 ξkx − J −∆ 0
0 −∆ −ξkx − J 0
∆ 0 0 −ξkx + J

 ,
(A4)
with
ξkx = −2t coskx − µ. (A5)
Above Hamiltonian can be decomposed into two 2 × 2
matrices, that is, H = H1
⊕H2:
H1 = 1
2
∑
kx
c†1kxH1(kx)c1kx , (A6)
H1(kx) =
(
ξkx + J ∆
∆ −ξkx + J
)
,
with the basis c1kx = (ckx↑, c
†
−kx↓
) and
H2 = 1
2
∑
kx
c†2kxH2(kx)c2kx , (A7)
H2(kx) =
(
ξkx − J −∆
−∆ −ξkx − J
)
,
with the basis c2kx = (ckx↓, c
†
−kx↑
). Matsubara Green’s
function is defined by
G1(ωn, kx) =
1
iω −H1(kx) =
(
g↑↑ f↑↓
f˜↓↑ g˜↓↓
)
, (A8)
G2(ωn, kx) =
1
iω −H2(kx) =
(
g↓↓ f↓↑
f˜↑↓ g˜↑↑
)
. (A9)
They are calculated to be
G1(ωn, kx) =
(
iωn−J+ξkx
Π(kx,ωn)−2iωnJ
∆
Π(kx,ωn)−2iωnJ
∆
Π(kx,ωn)−2iωnJ
iωn−J−ξkx
Π(kx,ωn)−2iωnJ
)
,
(A10)
G2(ωn, kx) =
(
iωn+J+ξkx
Π(kx,ωn)+2iωnJ
∆
Π(kx,ωn)+2iωnJ
∆
Π(kx,ωn)+2iωnJ
iωn+J−ξkx
Π(kx,ωn)+2iωnJ
)
,
(A11)
with
Π(kx, ωn) = −∆2 − ξ2kx + J2 − ω2n. (A12)
Therefore, the anomalous part of Matsubara Green’s
functions, i.e., pair amplitudes f↑↓ and f↓↑, are given
by
f↑↓ =
∆
Π(kx, ωn)− 2iωnJ f↓↑ =
−∆
Π(kx, ωn) + 2iωnJ
.
(A13)
Then, we can obtain the spin-singlet and spin-triplet
components of pair amplitudes
f↑↓ − f↓↑
2
=
∆Π(kx, ωn)
Π(kx, ωn)2 + 4ω2nJ
2
(A14)
f↑↓ + f↓↑
2
=
2i∆ωnJ
Π(kx, ωn)2 + 4ω2nJ
2
. (A15)
Here, ↑↑ and ↓↓ components of the spin-triplet pair am-
plitudes are absent. Based on Eqs.(A5), (A12), (A14),
and (A15), the symmetry of the spin-singlet pair am-
plitude is even-frequency and even-parity because it is
not changed under the inversion operation (ωn → −ωn,
kx → −kx). On the other hand, that of spin-triplet pair
amplitude is odd-frequency and even parity. Obtained
symmetries are summarized in Table III. These results
are consistent with the numerically obtained results in
the main text. (see, Figs.2(d)(e))
OTE ESE OSO ETO
↑↑ ↑↓ ↓↓ ↑↓ ↑↓ ↑↑ ↑↓ ↓↓
× © × © × × × ×
TABLE III: Symmetries of the pair amplitudes of the infinite
ferromagnetic chain without SOC. The arrows in the second
line denotes the spin configuration of Cooper pair. There are
three configurations for spin-triplet and one for spin-singlet
pairing. Pair amplitudes marked by © (×) are present (ab-
sent).
Appendix B: Matsubara Green’s function of the
infinite anti-ferromagnetic chain without SOC
In appendix B, we investigate the symmetries of the
pair amplitudes of the infinite anti-ferromagnetic chain
without SOC. In the model of the anti-ferromagnetic
chain, there are two sites in the unit cell denoted by A
and B. The direction of the spin is chosen to be +z (−z)
direction at A (B) site. The Hamiltonian is given by
H = −t
∑
iσ
(
c†iAσciBσ + c
†
i+1BσciAσ +H.c.
)
−µ
∑
i,σ
c†iσciσ +
∑
i
(
∆c†i↑c
†
i↓ +H.c.
)
+J
∑
iσ,σ′
(
c†iAσ(σz)σ,σ′ciAσ′ − c†iBσ(σz)σ,σ′ciBσ′
)
. (B1)
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If we perform Fourier transform as
cjAσ =
∑
kx
ckxAσe
−ijkx
cjBσ =
∑
kx
ckxBσe
−i(j+1)kx , (B2)
we obtain the decomposed 4 × 4 BdG Hamiltonian by
similar way in Appendix A. H = H1
⊕H2, with
H1 = 1
2
∑
kx
c†1kxH1(kx)c1kx , (B3)
H1(kx) =


J − µ −2t coskx ∆ 0
−2t coskx −J − µ 0 ∆
∆ 0 J + µ 2t coskx
0 ∆ 2t cos kx −J + µ


(B4)
with the basis c1kx = (ckxA↑, ckxB↑, c
†
−kxA↓
, c†−kxB↓)
T and
H2 = 1
2
∑
kx
c†2kxH2(kx)c2kx , (B5)
H2(kx) =


−J − µ −2t coskx −∆ 0
−2t coskx J − µ 0 −∆
−∆ 0 −J + µ 2t coskx
0 −∆ 2t cos kx J + µ


(B6)
with the basis c2kx = (ckxA↓, ckxB↓, c
†
−kxA↑
, c†−kxB↑)
T.
Matsubara Green’s function is defined as
G1(ωn, kx) =
1
iω −H1(kx) =
(
G↑↑ F↑↓
F˜↓↑ G˜↓↓
)
. (B7)
G2(ωn, kx) =
1
iω −H2(kx) =
(
G↓↓ F↓↑
F˜↑↓ G˜↑↑
)
. (B8)
The size of the matrices in the right side in Eqs. (B7)
and (B8) is 4× 4. Especially, we focus on the anomalous
part F↑↓ and F↓↑:
F↑↓ =
(
FAA↑↓ F
AB
↑↓
FBA↑↓ F
BB
↑↓
)
, (B9)
F↓↑ =
(
FAA↓↑ F
AB
↓↑
FBA↓↑ F
BB
↓↑
)
. (B10)
It is noted that the symmetries of FAA↑↓ and F
BB
↑↓ are even
parity while those of FAB↑↓ and F
BA
↑↓ are odd parity. This
is because FAA↑↓ and F
BB
↑↓ correspond to the on-site pair
amplitude while FAB↑↓ and F
BA
↑↓ do to the one between
adjacent sites. When we calculate the Matsubara Green’s
function, we use the following formula(
X Y
Z W
)−1
=
(
(X − YW−1Z)−1 (Z −WY −1X)−1
(Y −XZ−1W )−1 (W − ZX−1Y )−1
)
,
(B11)
where the size of the matrix X,Y, Z, and W is the same.
From Eqs.(B7) ∼ (B11), we obtain F↑↓ and F↓↑. For
instance, if one wants to find F↑↓, X,Y, Z, and W are
given by
X =
(
iωn − J + µ 2t coskx
2t cos kx iωn + J + µ
)
,
Y = Z =
(
−∆ 0
0 −∆
)
,
W =
(
iωn − J − µ −2t coskx
−2t coskx iωn + J − µ
)
. (B12)
After straightforward calculation,
F↑↓ =
−∆
β(ωn, kx)
(
α(ωn, kx)− 2iωnJ −4t(J + µ) cos kx
4t(J − µ) cos kx α(ωn, kx) + 2iωnJ
)
,
(B13)
with
α(ωn, kx) = ω
2
n +∆
2 + µ2 + 4t2 cos2 kx − J2(B14)
β(ωn, kx) = α
2(ωn, kx) + 4ω
2
nJ
2
+ 16t2(J2 − µ2) cos2 kx. (B15)
Similarly,
F↓↑ =
∆
β(ωn, kx)
(
α(ωn, kx) + 2iωnJ 4t(J − µ) cos kx
−4t(J + µ) cos kx α(ωn, kx)− 2iωnJ
)
.
(B16)
Then, spin-singlet and spin-triplet components of pair
amplitudes are
1
2
(F↑↓ − F↓↑) =
(
FAA↑↓ −F
AA
↓↑
2
FAB↑↓ −F
AB
↓↑
2
FBA↑↓ −F
BA
↓↑
2
FBB↑↓ −F
BB
↓↑
2
)
=
(
−∆α(ωn,kx)
β(ωn,kx)
4∆tµ cos kx
β(ωn,kx)
4∆tµ cos kx
β(ωn,kx)
−∆α(ωn,kx)
β(ωn,kx)
)
, (B17)
1
2
(F↑↓ + F↓↑) =
(
FAA↑↓ +F
AA
↓↑
2
FAB↑↓ +F
AB
↓↑
2
FBA↑↓ +F
BA
↓↑
2
FBB↑↓ +F
BB
↓↑
2
)
=
(
2i∆ωnJ
β(ωn,kx)
4∆tJ cos kx
β(ωn,kx)
−4∆tJ cos kx
β(ωn,kx)
−2i∆ωnJ
β(ωn,kx)
)
. (B18)
For spin-singlet pair amplitude, only ESE and OSO
are allowed in consistent with Fermi-Dirac statistics.
However, from Eqs.(B14), (B15), and (B17), the sym-
metries of the singlet pair amplitudes,
FAA↑↓ −F
AA
↓↑
2 and
14
OTE ESE OSO ETO
↑↑ ↑↓ ↓↓ ↑↓ ↑↓ ↑↑ ↑↓ ↓↓
× © × © × × © ×
TABLE IV: Symmetries of the pair amplitude of the infinite
anti-ferromagnetic chain without SOC similar to Table III.
FBB↑↓ −F
BB
↓↑
2 (
FAB↑↓ −F
AB
↓↑
2 and
FBA↑↓ −F
BA
↓↑
2 ), which are even-
parity (odd-parity), are even-frequency because they do
not change sign when we operate ωn → −ωn. Thus,
only ESE symmetry is possible in the spin-singlet sec-
tor. From Eqs.(B14), (B15), and (B18), the symme-
tries of spin-triplet even-parity pair amplitude,
FAA↑↓ +F
AA
↓↑
2
and
FBB↑↓ +F
BB
↓↑
2 , are odd-frequency because their sings are
changed by the operation ωn → −ωn. On the other
hand, spin-triplet odd-parity pair amplitude,
FAB↑↓ +F
AB
↓↑
2
and
FBA↑↓ +F
BA
↓↑
2 , are even-frequency because they have only
the quadratic term of ωn. We summarize these results in
Table IV. They are consistent with the numerically ob-
tained results in the main text (Figs.3(d)∼(f)).
Appendix C: Matsubara Green’s function of the
infinite ferromagnetic chain with Rashba-type SOC
In appendix C, we study the symmetries of the infi-
nite ferromagnetic chain with Rashba-type SOC. As ex-
plained in the main text, the model Hamiltonian is given
by
H =
∑
iσ
(
c†i+1σTciσ +H.c.
)
− µ
∑
i,σ
c†iσciσ
+
∑
i
(
∆c†i↑c
†
i↓ +H.c.
)
+ J
∑
iσ,σ′
c†iσ(σz)σ,σ′ciσ′ , (C1)
with
T =
(
−t λR/2
−λR/2 −t
)
. (C2)
Following similar ways in Appendices A and B, we obtain
following 4× 4 BdG Hamiltonian after Fourier transfor-
mation with the basis ckx = (ckx↑, ckx↓, c
†
−kx↑
, c†−kx↓) :
H = 1
2
∑
kx
c†kxH(kx)ckx , (C3)
H(kx) =


ξkx + J iλR sinkx 0 ∆
−iλR sinkx ξkx − J −∆ 0
0 −∆ −ξkx − J −iλR sin kx
∆ 0 iλR sinkx −ξkx + J

 .
(C4)
ξkx is the same as in Eq.(A5). The Matsubara Green’s
function is
G(ωn, kx) =
1
iωn −H(kx) =
(
G F
F˜ G˜
)
. (C5)
By using Eq.(B11) with
X =
(
iωn − ξkx − J −iλR sin kx
iλR sin kx iωn − ξkx + J
)
,
Y =
(
0 −∆
∆ 0
)
, Z =
(
0 ∆
−∆ 0
)
,
W =
(
iωn + ξkx + J iλR sin kx
−iλR sin kx iωn + ξkx − J
)
, (C6)
the anomalous part of the Matsubara Green’s function,
F =
(
f↑↑ f↑↓
f↓↑ f↓↓
)
, is calculated to be
F =
∆
ζ(ωn, kx)
(
2iλR sin kx(J − ξkx) −γ(ωn, kx) + 2iωnJ
γ(ωn, kx) + 2iωnJ −2iλR sin kx(J + ξkx)
)
,
(C7)
with
γ(ωn, kx) = ∆
2 + ξ2kx + λ
2
R sin
2 kx + ω
2
n − J2, (C8)
ζ(ωn, kx) = γ(ωn, kx)
2 + 4ω2nJ
2 − 4λ2R sin2 kx(ξ2kx − J2).
(C9)
The spin-singlet component of pair amplitude is given by
f↑↓ − f↓↑
2
=
−∆γ(ωn, kx)
ζ(ωn, kx)
, (C10)
and spin-triplet ones are
f↑↑ =
2i∆λR sin kx(J − ξkx)
ζ(ωn, kx)
(C11)
f↑↓ + f↓↑
2
=
2iωnJ
ζ(ωn, kx)
(C12)
f↓↓ =
−2i∆λR sinkx(J + ξkx)
ζ(ωn, kx)
. (C13)
From Eqs.(A5), (C8), (C9), and (C10), the symme-
try of spin-singlet pair amplitude is even-frequency and
even-parity. Also, from Eqs.(A5), (C8), (C9), and
(C11)∼(C13), the symmetries of spin-triplet pair ampli-
tudes, f↑↑ and f↓↓ are even-frequency and odd-parity,
and that of the other component of spin-triplet,
f↑↓+f↓↑
2 ,
is odd-frequency and even-parity. We summarize these
results in Table V.
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TABLE V: Symmetries of the pair amplitude of the infinite
ferromagnetic chain with Rashba-type SOC similar to table
III.
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